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We consider one dimensional deformed Heisenberg algebra leading 
to existence of minimal length for coordinate operator and minimal 
and maximal uncertainty of momentum operator. For this algebra an 
exactly solvable Hamiltonian is constructed. 



Several independent lines for investigation of matter properties at high 
energies (string theory pQ, black hole physics [2J, etc., also see [3]) 
propose that uncertainty of coordinate AX depends on uncertainty of 
momentum AP in such a way 



Minimizing the right part of this expression one obtains that un- 
certainty of coordinate is always larger than some threshold value 

Kempf showed that expression ((J) could be derived using Heisen- 
berg uncertainty inequality from deformed commutation relation [3j 
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Abstract 



1 Introduction 




(i) 



[X,P] =ih{l+/3P 2 ). 



(2) 
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It was shown that there existed states for which AX < AX m i n , but 
they are formal states. That is, mean value of kinetic energy (P 2 /2m) 
does not exist for these states Note, that there exist other algebras 
approximately leading to the inequality Q .6j|7j, but Kempf's algebra 
is exact, the simplest and the best studied one. 

It is well known that for arbitrary hermitian operators A and B 
the Heisenberg inequality holds 



where C = [A,B]/i is the hermitian operator too. This inequality 
holds for all states for which mean values of A 2 , B 2 , AB and BA are 
defined (more rigid conditions of holding of the inequality 1(3} may be 
found in many mathematical papers, see for instance jSJ). Everywhere 
throughout the paper AA denotes \J ((A — (A)) 2 ). 

If someone tries to analyze deformed commutation relation 



then many interesting properties from corresponding Heisenberg in- 
equality may arise (e.g., one can discover that a minimal length must 
be present, as for the case of Kempf algebra ©)• In order to in- 
vestigate such properties one should consider, for which states the 
Heisenberg inequality breaks. 

We can outline two approaches to such an analysis. The first one is 
common and it says that breaking states must be considered carefully. 
They may be physically accepted states if mean values of operators 
having clear physical sense converge jHj. For an example in |1U| states 
breaking corresponding Heisenberg inequality were considered mean- 
ingful since (P 2 ) converged (it was implicitly assumed that (X), (P), 
etc converged too). As it was noted above, for algebra (|2|) breaking 
states are considered meaningless since mean value of kinetic energy 
diverges (Hj. 

The second approach says 1 that commutation relation (JIJ) has 
physical meaning itself, so Heisenberg inequality must holds for any 
physically accepted states. All states breaking the inequality are con- 
sidered to be formal and thus having no physical meaning. In other 
words, we restrict ourselves to states satisfying corresponding Heisen- 
berg inequality. 

1 This approach was privately pointed to me by Prof. V. M. Tkachuk 



(AA) 2 (AB) 2 > i (C) 2 , 



(3) 



[X,P]=if(X,P) 



(4) 
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Each algebra (0J) is characterized by several parameters describing 
deformation of canonical commutation relation. It is reasonable to 
assume that if these parameters tend to zero then eigenvalues of some 
system tend to corresponding eigenvalues of the same system with un- 
deformed commutation relation. For algebra © all known exactly 
solvable systems E3 ECU have this property. This just formu- 
lated correspondence principle can be used for results verification. We 
will use it in the third section to decide which eigenvalues belong to 
spectrum. 

This paper is organized as follows. We describe a deformed com- 
mutation relation leading to upper bound of momentum uncertainty 
in the second section. In the third section we write an exactly solvable 
Hamiltonian down. And end the paper by several concluding remarks. 

2 Algebra leading to upper bound of 
momentum uncertainty 

In order to simplify notation and calculus we use h = 1, m = k further 
in the paper. 

In a large set of different deformed algebras leading to minimal 
length was presented. They have the following structure 

[f(X),P}=z(f'(X)+(3P"). (5) 

Here case of j3 = corresponds to case of the usual Heisenberg algebra, 
where [X, P] = i. It was shown that there existed minimal length for 
a wide class of such algebras. For details see (7j. 

Particular form of such a deformed algebra used function f(X) = 
tanh AT. In this paper we want to present a further generalization of 
this algebra presented in 0: 

[tanhaX,P]=i( % + PP 2 + 6 V f3 > 0, S > 0. (6) 

\ cosh aX J 

An additional term 5 appears in our generalization. If someone puts 
(3 = 0, 8 = then an canonical commutation relation is recovered. 
For aX <ti 1 one obtains an algebra similar to algebra 

Let us make two assumptions that operator tanh aX is a bounded 
one and that A tanh aX < 1 holds for all states (it would be obvious 
if X has a complete set of eigenfunctions) . Then applying inequality 
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to commutation relation (JSJ) one obtains the following chain of 
inequalities 

AP > AtanhoXAP >-( A % + (3AP 2 + > - (f3AP 2 + 5 

~ 2 V cosh 2 al ) ~ 2V 

(7) 

From this chain the following constraints on momentum uncertainty 
can be derived 

|<AP<|. (8) 
In a similar way one can deduce that 

7 * <" 2 > * W (9) 

Minimizing inequality the following constraints on coordinate un- 
certainty appears 



(35 < A tanh aX < aAX. (10) 

Existence of lower bounds for uncertainties of momentum and co- 
ordinate operators means that eigenstates of these operators satisfying 
inequality (J7J) do not exist (A^4 = for eigenstates of operator A). 

The inequality (J7J) breaks if at least one integral among (tanh 2 aX 



(P 2 ), (PtanhaX) or (t&nh. aXP) diverges. Operator tanh 2 aX is a 
bounded operator, so the first integral must converge for normaliz- 
able states. Divergence of (ip \ P 2 \ ip) means that kinetic energy is not 
well defined in state ifi. We could not analyze the last two integrals 
separately, but their difference ( [tanh aX, P] ) contains terms propor- 
tional to tanh 2 aX, 1 and P 2 . The first and the second operators 
are bounded ones, the third is kinetic energy operator again. This 
fact gives a strong evidence that states breaking inequality are 
nonphysical. 

Note, that the same situation occurs in the case of deformed com- 
mutation relation (J2J): mean value of kinetic energy diverges for states 
for which inequality (^Q) breaks [3] . Nature of the breaking was estab- 
lished since explicit representation of P and X operators exists for the 
algebra ©• Contrarily, we do not know explicit representation of X 
and P operators of the algebra @. Only approximate representation 
can be found in the fashion of paper method: 

X = x, P w p+(3 ( — {cosh 2 ax, 4a 2 p + p 3 } — p\-\ {cosh 2 ax,p}, 

\6a J 2a 

(11) 
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where small operators x and p satisfy conventional commutation re- 
lation [x,p] = i. In representation operators X and P satisfy 
relation © in linear approximation over parameters /3, 5. Such an 
approximation is valid far small values of x and p (when the first term 
of approximation Qllj) is much larger than the second one). 

3 Exactly solvable model 

It is possible to construct exactly solvable Hamiltonian in the frame 
of the deformed algebra ©• We use shape- invariance method to build 
such a model |14j . Let us introduce annihilation-creation operators 

A n = i€ n P + r} n tanhX, (12) 

K = -»fn-P + Vn tanh X. (13) 

Note that we also fix a = 1 in algebra 

On the basis of these operators we build partner Hamiltonians 

H- = A+A n = - ^ n (3)P 2 - T? " + J"^ n + rg - £ n r, n 6, (14) 

cosh X 

H+ = A n A+ = (fn + tnnn(3)P 2 - ^ ~J n l n +rg + ^ nVn S. (15) 

cosh X 

These Hamiltonians have similar form to the so-called Poschl- Teller 
Hamiltonian H = p 2 — 1/ cosh 2 x which is an exactly solvable one |14j 
in undeformed case. 

To find spectrum of Hamiltonian Hq we construct a chain of such 
partners: 

H+^ = H~ + e n , (16) 

where e n is a constant. The following connections between parameters 
£, rj and e can be deduced from equation (fTBl) 

t £n— 1 + 01]n—l Vn—1 ~ ?n-l / 2 2\/i , r\ firr\ 

Zn = V1 + /j , *. = » £ « = (Vn-l-Vj(l + 6). (17) 

Eigenvalues of Hamiltonian Hq read 

^„ = E^ = (% 2 -^.)(i + 5)- (18) 

1=1 
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rj n can be expressed with the help of parameters rjo, £o of initial Hamil- 



tonian H 



Vn = Vo cos n9 - io-^= sin nO, (19) 

VP 



where cos# = / and sm8 = \/rfis- 



Integer quantum number n varies in the range from to n r , 



where n max is the greatest integer less than i arctan Vo )^ . This con- 



dition was derived from the requirement that 

Vn > 0. (20) 

If this requirement breaks then the signs in the expression for annihi- 
lation operator (|12j) changes. Here we appeal to the correspondence 
principle formulated in the Introduction: if r\ n changes sign then n th 
eigenfunction becomes unnormalizable in the undeformed space. In 
deformed case for n > n max eigenvalues decreases if n increases: it is 
unusual feature of quantum systems. 
The spectrum of Hamiltonian 

H = P 2 %- (21) 

cosh 2 X y ' 

is showed on Fig. ^ All levels of deformed problem are above corre- 
sponding levels of undeformed one. 

In linear approximation over (5, 5 expression (|18|) can be simplified 

to 

E n » (1 + 5){r,l - (770 - ^nf) - |(r/ - ^n) (^n 3 - 3rj n 2 + 2£ n) . 

(22) 

Hamiltonian in linear approximation is 

H ° * ^ " ISP? + Vl + 5 (*° { P ' ^ C ° Sh2 X} } ~ &% ) + 
+ P (eo {p, ^{cosh 2 x, 4p + p 3 }| - (2£ 2 + eo%)p 2 ) = H^ n , (23) 



As one should expect (ipn 



H lin ip n \ exactly coincides with expres- 
sions (1221) for all n, except for n = n max . Here ip n denotes n th eigen- 
function of undeformed Poschl- Teller system. This exception arises 
since corresponding integral diverges for large x, where approxima- 
tion (|11|) becomes invalid. But the question on the range of n varia- 
tion needs more attention and it seems it can be resolved finally only 
if exact representation of algebra © is found. 
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Figure 1: Eigenvalues of Hamiltonian (J2T)) in undeformed case [H| (left col- 
umn) and in deformed case: equation (fT%|) : (3 = 0.01, 5 = 0.01 (right column). 

4 Concluding remarks 

Algebra © is not a unique algebra characterizing by upper bound 
for mean values of P 2 operator. There are many other such algebras. 
One of them reads 



[X,P] = i{l + aX 4 + f3P 2 ). 
Using Heisenberg inequality (j3J) it is easy to show that 



(24) 




(25) 




(26) 



We have not found explicit representation of X and P operators for it 
as for algebra ©• We choose algebra © for our analysis since exactly 



solvable model exists for it and right side of © contains bounded 
operators and P 2 operator having a clear physical sense of kinetic 
energy. 

Existence of X and P representation is still an open question. On 
one hand, in classical mechanics we always can change variables (X, P) 
into (x,p) that Poisson bracket {x,p} = 1 (Darboux theorem, |15j). 
for which obvious representation exists. On the other hand, if (55 > 4 
then algebra © is self-contradictory (as it follows from constraints 
©)• It follows from ^ that if a/3 2 > 4 then algebra (J23) is self- 
contradictory too. Saying that the algebra is self-contradictory we 
imply that for such values of deformation parameters there are no 
states satisfying corresponding Heisenberg inequality. 

There are some other open questions which are needed to be an- 
swered. They are: generalization of such complicated algebras as © 
and ()24|) to multidimensional case; construction of analogue of Galilei 
transformation. It is the third open question. Obviously one can 
answer them (partly or completely) if one finds an explicit represen- 
tation. 
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